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  Equalities holds  ⇔  n21 x....xx ===

 ∴ The sum  x1 + x2 + …. + xn  attains the least value n Cn   when: n Cx....xx ==== n21  . 

3. First let us assume that  μi ∈ N .  We have by  A.M. ≥ G.M. , 
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 Now,  let us assume that  μi ∈ Q .   

Reducing them to a common denominator, we put  
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 It follows that the product  ( )( ) ( )nn2211 xa...xaxa  reaches the maximum ⇔   nn2211 xa...xaxa ===

But since  ( )( ) ( ) ( )( )n21n21nn2211 x...xxa...aaxa...xaxa =  ,  therefore the product  x1x2….xn  reaches the 
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7. Since  
2
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2
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π
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 tan x tan y + tan x tan z + tan y tan z = tan x tan y + (tan x + tan y) tan z 

 = tan x tan y + (tan x + tan y) tan [π/2 – (x + y)] = tan x tan y + (tan x + tan y) cot (x + y) 
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 = tan x tan y + (tan x + tan y) [1/ tan(x + y) ] = tan x tan y + 1 – tan x tan y = 1 

 Thus the sum of the three quantities  tan x tan y ,  tan x tan z ,   tan y tan z  is constant. 

 Therefore the product of these quantities, that is,  tan2 x tan2 y tan2 z  reaches the greatest value if 

   tan x tan y = tan x tan z  =  tan y tan z . 

 We have  tan x tan y tan z  reaches the greatest value if  tan x = tan y = tan z , or  x = y = z = π/6 . 

 

8. (Method 1) 
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 Note : For the inequality sign in the above proof, observe that : 

 (n + 1 – i) (3n + 1 – i) = [(2n + 1) – (n – i)] [(2n + 1) + (n – i)] = (2n + 1)2 – (n – i)2 < (2n + 1)2 ,  i = 1 to n . 

 (Method 2) 

 Use Arithmetic mean > Harmonic mean. 
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9. Let  a1 + a2 + … + ap = n = pq + r,  we like to prove that the min. of  a1! a2 ! …ap !  is  (q!)p-r [(q + 1)!]r . 

 First we prove that :  If  a – 1 > b  then  a! b! > (a – 1)! (b + 1)!   …. (1) 

 Proof :  a! b! – (a – 1)! (b + 1)! = (a – 1)! b! [a – (b + 1)] =  (a – 1)! b! [(a – 1) – b] > 0 .  Result follows. 

 Without lost of generality, we assume :   a1 ≤ a2 ≤ … ≤ ap .  

 Case 1   If  ap – 1 = a1 ,  then  a1 = a2 = … = am = am+1 – 1 = am+2 – 1 = … = ap – 1 . 

   But   a1 + a2 + … + ap = n = pq + r = (p – r)q + r(q + 1)  

   ∴  m = p – r  and  a1 = a2 = … = am = q ,  am+1 = am+2 = … = ap = q + 1 

   ∴ a1! a2 ! …ap ! = (q! q! …q!) (q + 1)! (q + 1)! … (q + 1)! = (q!)p-r [(q + 1)!]r

 Case 2 If  ap – 1 > a1 ,  then by  (1) ,  a1 ! ap ! > (a1 + 1)! (ap – 1)! 

   ∴ a1! a2 ! …ap ! > (a1 + 1)! a2 ! …ap-1 ! (ap – 1)!    …. (2) 

   Rearrange the variables in the R.H.S.  of  (2)  in ascending order and replace the variables by 

    a1
(1) ≤ a2

(1) ≤ … ≤ ap
(1). 

   ∴ We have  a1! a2 ! …ap ! > a1
(1) ! a2

(1) !…ap
(1) ! . 
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   Repeat the process by increasing the smallest variable by 1 and decreasing the biggest variable by 1. 

   We get  a1! a2 ! …ap !  >  a1
(1) ! a2

(1) !…ap
(1) !  >  … >  a1

(k) ! a2
(k) !…ap

(k) ! 

   After finite number of steps, we get  a1
(k) ! a2

(k) !…ap
(k) !  where  a1

(k) = ap
(k) – 1 . 

   We get  Case 1  above  and  a1
(k) ! a2

(k) !…ap
(k) ! =  (q!)p-r [(q + 1)!]r. 

   ∴ a1! a2 ! …ap !  > (q!)p-r [(q + 1)!]r. 
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 Solving (1), we get    x < –3  or  x > –2  …. (3) 

 Solving (2), we get    –7 < x < –2    …. (4) 

 ∴ The range of values of x  is  –7 < x < –3 . 

11. x2 + 7y2 + 20z2 + 8yz –2zx + 4xy ≡ a(x + py + qz)2 + b(y + rz)2 + cz2

 Equating coefficients of   x2-term  :         ∴   a = 1 

      xy-term : 4 = 2pa = 2p.    ∴   p = 2 

      y2-term : 7 = ap2 + b = 4 + b   ∴   b = 3 

      xz-term : –2 = 2aq = 2q    ∴   q = –1 

      yz-term : 8 = 2apq + 2br = –4 + 6r  ∴ r = 2 

      z2-term : 20 = aq2 + br + c = 13 + c  ∴ c = 7 

 x2 + 7y2 + 20z2 + 8yz –2zx + 4xy ≡ (x + 2y – z)2 + b(y + 2z)2 + 7z2 . 

 Since the given expression is a positive linear combination of complete squares, it is never negative for real 

 values of  x, y, x . 
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 Equalities holds iff  x = y = z . 

 xy2yx ≥+     …. (3) 

 yz2zy ≥+     …. (4) 

 zx2xz ≥+     …. (5) 
 (3) × (4) × (5),  (x + y) (y + z) (z + x) ≥ 8xyz . 

 Since  x + y + z = 1,  therefore     1 – x = y + z,  1 – y = z + x,  1 – z = x + y 
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 Hence   (1 – x) (1 – y) (1 – z) ≥ 8xyz . 
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